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A new integral method of nonisothermal kinetic analysis has been developed with
the dependence of the frequency factor on the temperature (A = A0T m). The new inte-
gral method is obtained from the newly proposed approximation for the general tem-
perature integral, which is more accurate than the other existed approximations. For
applications, nonisothermal thermoanalytical data obtained by theoretical simulation
have been processed. The results have shown that the newly proposed integral method
is an ideal solution for the evaluation of kinetic parameters from nonisothermal ther-
moanalytical data with the frequency factor dependent the temperature.
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1. Introduction

Many technologically important processes and reactions occur under
nonisothermal conditions and it is often desired to calculate or predict the pro-
gress of the reaction over time during transient heating [1]. Integral methods
of nonisothermal kinetic analysis utilize cumulative values of a species concen-
tration, heat of reaction, weight loss, etc., measured in temperature scanning
experiments to extract the kinetic parameters of a reacting system [2].

Since the overwhelming majority of thermal analyses are conducted at
constant heating rate and the frequency factor of some solid-state reactions are
connected with the temperature [2], the present work seeks to develop a new
integral method under experimental conditions of a linear temperature program
and the dependence of the frequency factor on the temperature, and extend these
results to more accurate determination of the Arrhenius kinetic parameters. It
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is hoped that the results of this work aid process development of nonisothermal
kinetic analysis.

2. Theory

Under nonisothermal conditions of a linear temperature program, the
kinetic behavior of thermally stimulated solid-state reactions can be described by
the following expression [3]:

dα

dT
= A

β
e−E/RT f (α), (1)

where α represents the fractional conversion in the solid reactant; A the
frequency factor, E the activation energy, R the gas constant, T the absolute
temperature, β the heating rate and f (α) a so-called differential kinetic func-
tion that depends on the reaction mechanism.

It is noteworthy to point out that all existed integral methods of kinetic
analysis generally used have been developed by assuming that the frequency fac-
tor can be considered as a constant all over the temperature range investigated.
However, several authors [4–7] after extending the theory of the activated com-
plex to the thermal decomposition of single solid-state reactions proposed that
the frequency factor is connected with the temperature through the following
relationship:

A = A0T
m, (2)

where A0 is a constant and values of the exponent m range from −1.5 to 2.5 for
some solid-state reactions [8].

If equation (2) is fulfilled, equation (1) becomes

dα

dT
= A0

β
T me−E/RT f (α). (3)

Rearranging and integrating equation (3) results

g(α) =
α∫

0

dα

f (α)
= A0

β

T∫

0

T me−E/RT dT , (4)

where g(α) is the integral kinetic function.
The integral

∫ T

0 T me−E/RT dT on the right-hand side of equation (4) does
not have an exact analytical solution. For m =0, the integral is named in the
literature as the temperature integral or Arrhenius integral [9, 10]. Here we
called

∫ T

0 T me−E/RT dT the general temperature integral. After doing the variable
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change x = E/RT , the general temperature integral would be rearranged in the
following way

T∫

0

T me−E/RT dT = (E/R)m+1 pm(x) = R

E
T m+2e−E/RT hm(x), (5)

where

pm(x) =
∞∫

x

e−xx−m−2 dx, (6)

hm(x) = xm+2ex

∞∫

x

e−xx−m−2 dx, (7)

The hm(x) function does not have an exact analytical solution, but it can
be numerically integrated by some numerical techniques. For this purpose, either
general purposed mathematical software or a computer program developed in
any programming language is used. In this work, the Mathematica software sys-
tem has been employed for the numerical solution of the hm(x) function. The
obtained numerical values of hm(x) as a function of the parameters x and m are
plotted in figure 1.

Figure 1. The numerical values of hm(x) as a function of the parameters x and m.
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From figure 1, we use the following rational fraction to approximate the
hm(x):

h1m(x) = x + am + b

x + cm + d
, (8)

where a, b, c, and d are indeterminant parameters.
Since most thermally stimulated solid-state reactions take place in the range

of 5 � x � 100 [11], we consider this range in the determination of the values of
a, b, c, and d. By using a multivariate nonlinear regression method at the Data-
Fit software environment (detailed information about the DataFit software can
be found in the web site: http://www.oakdaleengr.com/), the values of the param-
eters a, b, c, and d are established: a = −0.054182, b = 0.65061, c = 0.93544,
and d = 2.62993. Thus the new approximations for hm(x), pm(x) and the general
temperature integral are obtained and given below

h1m(x) = x − 0.054182m + 0.65061
x + 0.93544m + 2.62993

, (9)

p1m(x) = e−x

xm+2

x − 0.054182m + 0.65061
x + 0.93544m + 2.62993

, (10)

T∫

0

T me−E/RT dT = R

E
T m+2e−E/RT E − 0.054182mRT + 0.65061RT

E + 0.93544mRT + 2.62993RT
. (11)

From equations (4) and (10), it follows:

g(α) = A0R

βE
T m+2e−E/RT E − 0.054182mRT + 0.65061RT

E + 0.93544mRT + 2.62993RT
, (12)

which is the starting equation for the new integral method of evaluating the
kinetic parameters when the frequency factor depends on the temperature. Using
a nonlinear regression method, the kinetic parameters can be determined from
the above equation.

3. Accuracy evaluation of the new approximation for pm (x)

From the above section, we can obtain that the precision of the inte-
gral method depends on the precision of the approximation for the estimation
of the general temperature integral. Since pm(x) is the variable transformation
expression of the general temperature integral, the accuracy evaluation of the
approximation for pm(x) is identical to that of the approximation for the gen-
eral temperature integral.
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Wanjun et al. proposed two approximations for pm(x) [12]:

e−x

xm+2(1 + m+2
x

)
, (13)

e−x

xm+2
[
1 + (m + 2)

(
0.00099441 + 0.93695599

x

)] . (14)

Here, we call the above two expressions Wanjun approximation I and Wanjun
approximation II, respectively. In this paper, we introduce the two pm(x) approx-
imation for comparison.

Tables 1–3 list the relative error percentages of the three approximations for
the estimation of the pm(x) function. The relative error has been defined by the
following expression:

ε = pma(x) − pm(x)

pm(x)
· 100, (15)

where pma(x) is the value obtained by the approximation and pm(x) is the value
obtained by numerical integration (in this study, the numerical integration is per-
formed by means of the Mathematica software system, which is powerful for the
numerical calculation and symbol computation [13]).

From tables 1–3, it can be obtained that the newly proposed approximation
for the pm(x) function is more accurate than the other approximations, especially
for low values of x.

4. Checking of the validity of the new integral method with theoretical
nonisothermal data

For applications, nonisothermal thermoanalytical data obtained by the
theoretical simulation have been used. The theoretical nonisothermal data was
simulated by assuming a heating rate β = 10 K/min, a first order kinetic mecha-
nism function (i.e., f (α) = 1 − α, g(α) = −ln(1 − α)) and the following kinetic
parameters: A = 1.395T 2, and E = 90 kJ/mol. According to equation (12), using
a nonlinear regression method at the DataFit software environment, the values
of the kinetic parameters have been established from the theoretical data: E =
90.3297 kJ/mol, A = 1.4192T 1.9323. The obtained value of E is about 0.3663%
more than the true value. The relative error involved in the activation energy is
very low. Figure 2 shows the simulated data points (α, T ) and the α versus T

curve generated with the obtained values of the kinetic parameters. It is seen that
the curve fits the simulated data very well. Thus, the new integral method with
the temperature dependent the frequency factor is available and accurate.
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Figure 2. Simulated (α, T ) data points (. . . ) and the α versus T curve generated with the kinetic
parameters evaluated by using equation (12).

5. Conclusions

(1) The general temperature integral is a special integral under nonisother-
mal conditions of a linear heating program and with the frequency factor depen-
dent on the temperature (A = A0T

m). The general temperature integral does
not have an exact analytical solution. Using some numerical techniques, we have
proposed a new approximation for the general temperature integral:

T∫

0

T me−E/RT dT = R

E
T m+2e−E/RT E − 0.054182mRT + 0.65061RT

E + 0.93544mRT + 2.62993RT
.

Compared with other existed approximations for the general temperature inte-
gral, the newly proposed approximation are more accurate than the other
approximations as solutions of the general temperature integral.

(2) Considering the dependence of the frequency factor on the temperature,
we have obtained a new integral method of nonisothermal kinetic analysis. The
starting equation for evaluating the kinetic parameters is

g(α) = A0R

βE
T m+2e−E/RT E − 0.054182mRT + 0.65061RT

E + 0.93544mRT + 2.62993RT
.

(3) The new integral method of nonisothermal kinetic analysis has been
applied successfully in the processing nonisothermal thermoanalytical data
obtained by theoretical simulation.
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